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NAME

S-1 Practice Worksheet

Angles and Their Measure

If each angle has the given measure and is in standard position,
determine the quadrant in which its terminal side lies.

DATE

T 27 o 14

L 45 2, — 3 3. 371 4. 5

5. — 156° 6. 1000° 7. 332° 8. —240°
Change each degree measure to radian measure in terms of 1.

9. 36° 10. -250° 11. — 145° 12. 6°
13. 870° 14. 18° 15. — 820° 16. 345°
Change each radian measure to degree measure.

17. -1 18. 47 19. -2.56 20. 12.85
3w ks 137w 177

21. ¢ 22, - 9 23. 30 24, — 3

Find one positive angle and one negative angle that are coterminal

with each angle.

25. 70° 26, — 27 27. —300° 28. 2T

Find the reference angle for each angle with the given measure.

29. -20° 30. 160° 31. —b45° 32. 300°
107 5w T I

33. 3 34. — 8 35. — ) 36. — 3

28

Glencoe Division, Macmillan/McGraw-Hill
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NAME DATE

S5-2 Practice Worksheet

Central Angles and Arcs
Given the radian measure of a central angle, find the measure of

its intercepted arc in terms of r in a circle of radius 10-cm.

ar s A

1. 5 2. 3 3. 9 4.
37 4 T ’

5. = 6. = 7. 19 8.

Given the measurement of a central angle, find the measure of its
intercepted arc in terms of 1 in a circle of diameter 60 in.

9. 10° 10. 60° . 11. 42° 12.

13. 72° 14. 110° 15. 35° 16.

Given the measure of an arc, find the degree measure to the
nearest tenth of the central angle it subtends in a circle of radius
16 cm.

17. 87 ¢m 18. 5.6 cim 19. 12 cin 20.

21. 10.24 - wm 22. 79 cm 23. 11 ¢m 24.

Find the area of each sector to the nearest tenth, given its central
angle, 0, and the radius of the circle.

25. 0 =% ,r=14cm ‘ 26. 0 =7, r=121ft

29

Glencoe Division, Macmillan/McGraw-Hill
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50°

65°

25 dime
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NAME DATE

5-3 Practice Worksheet

Circular Functions

Find the values of the six trigonometric functions of an angle in
standard position if the given point lies on its terminal side.

1. (-1,5) 2. (6,-8) 3. (3,2) 4. (-3,-4)

<[
DO

5. (0, - 4) 6. (7,0) 7. (V2,-V2) 8. (

Suppose 0 is an angle in standard position whose terminal side lies
in the given quadrant. For each function, find the values of the
remaining five trigonometric functions of . ‘

9. cos 6 = % ; quadrant I 10. sin 6 = — % ; quadrant IV

30

Glencoe Division, Macmillan/McGraw-Hill




NAME

5-4 | Practice Worksheet

Trigonometric Functions of Special Angles
Find each exact value. Do not use a calculator.

1. sin © 2. cos =

4 4
4. cos 210° 5. sin 300°
7. sin '3’4£ 8. cos —34£
{ 10. sin 90° 11. csc 270° .
13. cos %ﬂ 14. tan %71

DATE

12,

15.

. tan

tan 330°

tan 2%

tan 45°

sin =~

Use a calculator to approximate each value to four decimal places.
18. cos 235°

16. cot (-75°) 17. sin 634°

19. Sin 2 : 20. sec 4.28

31

Glencoe Division, Macmillan/McGraw-Hill

21.

cot 0.23




NAME

DATE

5-9 | Practice Worksheet

Right Triangles

Solve each triangle described, given the triangle below. Round
angle measures to the nearest degree and side measures to the

nearest tenth.
1. A =2389°12" b =2.1

2. a=9,B=49°

3. B=64°b =192

5. A=16°c=14

7. ¢c =21.3,A = 26°20'

9. A =55°5"¢c=16

4. B =56°48', ¢ = 63.1

6. a=04,c=0.5

10. @ = V15, B = 18°

32

Glencoe Division, Macmillan/McGraw-Hill




NAME DATE
0-1 | practice Worksheet

Graphs of the Trigonometric Functions
Find each value by referring to the graphs of the trigonometric functions.
1. sin (—=720°) 2. tan (-180°) 3. cos (540°)

4. tan (180°) 5. csc (720°) 6. sec (180°)

Find the values of 6 for which each equation is true.
7. sin 6 = -1 8. sec =-1 9. tan 6=10

Graph each function on the given interval.

10. y = sin x; -90° = x = 90° - 11, y =tan x; -90° = x = 270°
y y
o X 0 X
12. y = cos x; -360° = x = 360° 13. y = sec x; ~360° < x < 360°
y y 1
o X o X
36

Glencoe Division, Macmillan/McGraw-Hil



1 NAME DATE
) Practice Worksheet

Amplitude, Period, and Phase Shift ond Hovi zonte| Shift,
State the amplitude, period, and phase shiff ond herd 2o whe Shep
1. y= -2 sin ] 2.y = 10sec 0 3. y=-3s1n 46

4. y = 0.5 sin (0 g) B.y=925cos(0+180° 6. y=-15sin (4% —g)

Wor o zental
Write an equation of the sine function with %ach amplitude, period, and shift.

h G 't:(a\
7. amplitude = 0.75, period = 360°, A  shift = 30°

» ug’ otk
8. amplitude = 4, period = 3°, horcie . ghift = ~30°

Write an equation of the cosine function with each amplitude, period, and phase
shift. e

9. amplitude = 3.75, period = 90°, phase shift = 4°
10. amplitude = 12, period = 45°, phase shift = 180°

Graph each function.

11. y = 0.5 sinx 12. v = 2 cos (3x)
y y
X
0 0 X
13. y = 2 cos (2x — 45°) 14. y = tan (x + 60°)
y ¥y
0 X 0 %
37

Glencoe Division, Macmillan/McGraw-Hill



NAME DATE

0-3 | Practice Worksheet

Graphing Trigonometric Functions
Graph each function.

1. y = 2 sin (x — 45°) 2. y = -2 cos (36)
y . y
[¢] X o 6
- 1 . — o X o
3y—zcos<x 2) 4. y sm<2+90>
y y
o X o X
5. y =sinx + cos x 6. vy = cos 2x —cos x
y y
X
9] X o
38

Glencoe Division, Macmillan/McGraw-Hill




NAME DATE

Ty

6-4 Practice Worksheet

Inverse Trigonometric Functions
Write each equation in the form of an inverse relation.

1. 0.75 = sin x 2, -1=cosx - 3. 0.1 =tan 6
3 _ V3 _ 12
4. F = Cosx 5. sinx = —; 6. cos a = 13

Find the values of x in the interval 0° < x < 360° that satisfy each equation.

7. x = arccos 1 8. arccos *—\f— =x 9. arcsin % =x
10. sin™1 (1) = x 11. sin™! ~\é_—2 =x 12. cot™11 =«

Evaluate each expression. Assume that all angles are in Quadrant |I.

13. cos (cos‘1 %) 14. sin (COS‘I %)
15. cos (sixr1 %) 16. tan (sin‘1 % ~cos~! “§2>

17. Verify that sin! *\g—g + sin™! % = 90°. Assume that all angles are in Quadranﬁ I.

39

Glencoe Division, Macmillan/McGraw-Hill
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NAME

6-5

Practice Worksheet

DATE

Principal Values of the Inverse Trigonometric Functions

Find each value.
1. Arcsin (1)

10. Cos! (Cos g)

13. cos <Arcsin l)

2

16.

1 5
tan ( 5 Arccos 13>

19. sin [C‘os‘1 (%) -

B

|

2. Arccos 1

5. Arcsin 1

8. sin (Sin’1 -\é_-?’—)

11.

Sin—! (sin %)

14. sin (Arccos@>

2

17. cos (—% Arcsin

6
10

20. cos [Sin‘1 (%) +

7

40

Glencoe Division, Macmillan/McGraw-Hill

3. Arctan (-1)

6. Tan™! (—

wg
[V}
\_/

9. tan (Tan_1

12. Tan™! (tan %)

15. tan <Arcsin %)

18.

sin (2 Arccos %)

21. Tan[iql + Sin~

4

1 Ve



NAME DATE

0 Practice Worksheet

Graphing Inverses of Trigonometric Functions
State the domain and range of each relation.

1. y=Sinx + 1 : 2. y=sinx+ 1 | 3.y=cosx—-1

4. y = Cos1x 5. y = arcsin x 6. y=Tan1x

Write the equation for the inverse of each function. Then graph the function and its

inverse.
7.y =Cos1x 8. y = Tan! (3x)
y y
(0] X o X
9.y=F +Coslx 10.y=Sin<x——g-
y y
(%) X
(%) X

Determine if each of the following is true or false. If false, give a counterexample:
11. Cos™' x = Cos™! (—x)

12. Sinlx =—Sin1x

41

Gilencoe Division, Macmillan/McGraw-Hill




NAME DATE

Practice Worksheet
Basic Trigonometric Identities Use Pﬁ? Lha gorean Lol fres

Solve for values of 9 between 0° and 90°. (not £npasloy)

1. Iftan 6 = 2, find cot 6. 2. If sin 0 = %, find cos 6.
3. If cos 0 = i , find tan 6 4. Iftan 6 = 3, ﬁnd\Sec 6.
5. If sin 6= - find cot 6. 6. If tan 6 = T, find sin 6.

Express each value as a function of an angle in Quadrant I.

7. sin 458° 8. cos 892°
9. tan (- 876°) 10. csc 495°
Simplify.
11 " cot A 12 sin? B cot B
' tan A ' cos 3
13. sin? 6cos? 6 —cos? 6 14. cos x + sin x tan x
1 cos2 @ 2
15, ——5——— 16, 0570
sin“d sin“@ 1+4siné
2 _ « 2
*17. tan2¢9 1+20052¢9 *18, 1-_>m 4
tan” @ +1 1+ cosé@
E )

Glencoe Division, Macmillan/McGraw-Hill-




NAME DATE
Practice Worksheet

Verifying Trigonometric Identities
Verify that each of the following is an identity.

EEE—— = cos x
cotx + tanx

M7

2. sin®x — cos® x = (1+ sin x cos x) (sin x — cos x )

3 11
* siny-—1 siny + 1

= —2sec?y

4. 1 — 2sin?r + sint r = cos? r

5. tanu + —B8% _ — gecu
1+sinu

tan x + sec x
* secx —cosx + tan x

= CSCX

Find a numerical value of one trigonometric function of each x.

7. sinx = 3 cos x 8. cosx = cot x

44

Glencoe Division, Macmillan/McGraw-Hill -
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Exercises and Problems for Section 6.1

Exercises
In Exercises 1-8, do the functions appear to be periodic with 5§, y 6. Yy
period less than 47
. t 01123 5|6 .
foi1]s]711 711 " Itz
4
2 r |0|7w|2r)|3n | 4dn|5n | 6| Tn 1
0j~1] 1] 0 i 0
UWERER 7. z 8 v
4. y J__
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-+ f i 1 1 Gm |

236 Chapter Six TRIGONOMETRIC FUNCTIONS

In Exercises 9-12, estimate the period of the periodic func-

; 1L v 12, y
tions.
9.
t 01213415 s
fO 2Bl 13/14]12 | b -
- —2bl—b b
10. I
z 11721131 )41 )51 [61{71]81 !
g() |53 12 3532375
T RN
B S Mt JEUSRUNG S S— .
Lo o ot
30. Table 6.3 gives the height b = f(t) in feet of a weight 777 H l ': J
. . " . ' ‘ i 4
on a spring where ¢ is time in seconds. Find the midline, — ! i %
amplitude and period of the function f. L] | ;: X
RAPH L S A ) 4 3 L
Table 6.3 MAKE A G _ - ] NN
t]0 112 3141567 T T o o
h 140 :52/62165(62 (524028 "5”“"” ‘ i ! E |
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6.1 INTRODUCTION TO PERIODIC FUNCTIONS F M C é‘

Problems 23-26 concern a weight suspended from the ceiling 25, The weight in Problem 23 is gently pulled down to a
by a spring. (See Figure 6.8.) Let d be the distance in cen- distance of 14 em from the ceiling and released at time
timeters from the ceiling to the weight. When the weight is t = 0. Sketch its motion for 0 < ¢ < 3.

motionless, d = 10. If the weight is disturbed, it begins to . . . .
o : 26. F 1 . -
bob up and down, or escillate. Then d is a periodic function igures 6.11 and 6.12 describe the motion of two differ

N N ent weights, A and B, attached to two different springs.
of ¢, time in seconds, so d = f(t). Based on these graphs, which weight:

(a) Is closest to the ceiling when not in motion?

I f (b) Makes the largest oscillations?
— (¢) Makes the fastest oscillations?
> 4 NoTE VERTICAL Clhres
<D
Figure 6.8
t {sac)
23. Determine the midline, period, amplitude, and the mini- + Figure 6.11: Weight A
mum and maximum values of f from the graph in Fig- d {em)

ure 6.9. Interpret these quantities physically; that is, use
them to describe the motion of the weight,

Figure 6.12: Weight B

Figure 6.9

24. A new experiment with the same weight and spring is
represented by Figure 6.10. Compare Figure 6.10 to Fig-
ure 6.9. How do the oscillations differ? For both figures,

the weight was disturbed at time ¢ = —0.25 and then
left to move naturally; determine the nature of the initial
disturbances.

Figure 6.10




FNC 6.2A

28. Find an al'lgle ¢, with 0° < ¢ < 360°, that has the same 31. For thg angle ¢ shown in Figure 6.29, sketch each of the
(@) Cosine as 53° (b) Sine as 53° following angles.
(@ 180+¢(b) 180—~¢(c) 90 -¢ (@) 360—¢
: I

30. A revolving door (which rotates counterclockwise in Fi g-
ure 6.28) was designed with five equally spaced panels ¢
for the entrance to the Pentagon. The arcs BC and 4D
have equal length,

(#) What is the angle between two adjacent panels?

Fi 29
(b) A four-star general enters by pushing on the panel at ‘gure 8

point B, and leaves the panel at point . What is the
angle of rotation?

{c) With the door in the position shown in Figure 6.28,
an admiral leaves the Pentagon by pushing the panel
between A and D to point B. What is the angle of
rotation?

Outside
B__~"7~ C

Figure 6.28

32. Let 6 be an angle in the first quadrant, and suppose
sinf = a. Evaluate the following expressions in terms
of a. (See Figure 6.30.)

(@) sin(f + 360°) (b) sin(6 + 180°)
(€) cos{90° - 8) (d) sin(180° — 8)
&) sm{I0° — 0) ) cos(270° )
1 [}
5 c: =gind

Figure 6.30
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38. How far does the tip of the minute hand of a clock move
@ cos3 () sind (0 sin(—4)(d) cos? in 35 minutes if the hand is 6 inches long?

29. Without using a calculator, give the sign of each of the
following numbers:

Evaluate sin 6 and cos § for the angle 8 on the unit circle in
Problems 32--33.

32,
(~0.8,0.6)

34. An ant starts at the point (1,0) on the unit circle and
walks counterclockwise a distance of 3 units around the 4. D . . .
circle. Find the z and y coordinates (accurate to 2 deci- » Do you think there is a value of ¢ for which cost = 7 If
fnal places) of the final location of the ant. 0y 0, estimate the value of £. If not, explain why not.

USE RAVIAVS.

36. For ¢ in Figure 6.43, sketch the following angles.

= Sin(E)
@ 7+¢ ® 7-¢ E hat abovk (L) = ~ 4
© n/2-¢ @ 2r-¢

~ Joes thie have q valve ak é:o?

| = What abosk "heay " £=02
<>

Figure 6.43
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28. (a) Write an expression for the slope of the line segment
joining P and @ in Figure 6.56.
(b) Evaluate your expression for a = /4, b = 4x/3.
Give an'exact value for your answer.

27. (a) Match the lengths p, g, r, s marked on the unit circle
in Figure 6,55 with the following values:

(i t=0.38 G t=n-29
(iti) cos(0.8) (v) —cos{2.9)
(b) On a graph of y = cost, sketch segments corre-

Y
sponding to each of the values in part (a). 7\ —_p Y = cosz
riph :
grip ,
[ 1 } z
q a
T j2
8 ) Q
Figure 6.56
Figure 6.55
16. Match each "of the letters A-G in Figure 6.49
to one of the following values of z (in radians):
112)4) 5) 7T/2, w, and 37'('/2 :
1 ‘
y =sing
jx z{a cj'- D é I.i-é o © } 30. A circle of radius 5 is centered at'the point (—6, .7). Finfi
a formula for f(@), the z-coordinate of the point P in
Figure 6.58.
Figure 6.49 v
20. Figure 6.53 shows y = sin(z — ) and y = sin{z + %)
starting at = 0, Identify which is which. :
9(z)
/ Figure 6.58
f(=)

Figure 6.53



In Exercises 1-4, state the period, amplitude, and midline.

L. y=7sin(4(t + 7)) — 8

HSo Shake Lhe

FMC(.5A

In Exercises 13-20, find formulas for the trigonometric func-

c ] tions.
2. y = 6sin(t +4) how'2ontal Shi |
3 y=mcos(2t+4)~1 "’f’f“ (’h&fe Shobk. 13. y £t 4. ¥y g(t)
4 2y=cos(B(t—6)+2 &S belowd) ANEWLY e (3m,2)
AN A ¢
(2,-3) ™ 2 3
15, Y R(t) 16. vy (9,4)
~0.2547 L N
{1 o2 P
32. Find a possible formula for the trigonometric function
whose values are in the following table.
e [0l al2]a]als] 6 7181971 7. 18. v 13

g(=) |2]2613[3 (26| 2|14 1]1] 142

9(0) 20, Y

38. The pressure, P (in Ibs/ft?), in a pipe varies over time.
Five times an hour, the pressure oscillates from a low of
90 to a high of 230 and then back t a low 90. The pres-
sure at £ = 0 is 90.

(a) Graph P = f(¢), where ¢ is time in minutes. Label
your axes. .

(b) Find a possible formula for P = f(t).

(c) By graphing P = f(t) for 0 < t < 2, estimate
when the pressure first equals 115 Ibs/ft?.

y:.z Asin(B(t — h)) + k,

i y = Acos(B(t — h)) + .

Amplitude = | A[; period = 27/| B; midline y = k.

Phase shift = Bh; horizontal shift = A,



In Exercises 1617, give a possible formula for the function.

16. 3 I y = 3n
2 p) p) 3
i i i i
j { i I
1F0) [y | 37 !
1 13 | "4 1
(S [ T y [}
T ¥ 1 1 1 T I
: aay /- |
1 4 % !
| i ! J
i [ i |
17, 5w —my 3n
1 3 !
i i |
| t41 /]
| i
)Y ey
bl L L Ly g
3 S oxd z | an
2 % K 2
i ! P
i i i

22. (a) cosa = —+/3/5 and a is in the third quadrant. Find
exact values for sin o and tan o,

(b) tanf = 4/3 and 8 is in the third quadrant. Find
exact values for sin 4 and cos 3.

Problems 26-29 give an expression for one of the three func-
tions sin 8, cosd, or tan @, with 8 in the first quadrant. Find
expressions for the other two functions. Your answers will be
algebraic expressions in terms of .

26. sinf = z/3 27, cosf =4/x

28, £ =2cos ¥ 29, £ = 9tand

FML E.EA

30. (a) Find an equation for the line ! in Figure 6.76.
(b) Find the Z-intercept of the line.

Y

(6,2)

Figure 6.76

Find exact values for the lengths of the labeled segments in
Problems 34--35. ‘

34. 35,




36. In your own words, explain what each of the following
expressions means. Evaluate each expression for z =
0.5. Give an exact answer if possible.

(@ sin"!z M) sin(@c™') () (sinax)"l.

Solve the equations in Problems 29-32 for 0 < t < 2. First
estimate answers from a graph; then find exact answers.

1
30. tant = m

N} e

29. cos(2t) =

31. 2sintcost—cost =0 32. 3cos?t =sin®t

35. Approximate the z-coordinates of points P and Q) shown
in Figure 6.90, assuming that the curve is a sine curve.
{Hint: Find a formula for the curve.]

Yy
2
}-/)-r\-} I | I
P QM 6 8
~3
-8

Figure 6.90

FMC €74

44. You are perched in the crow’s nest, C, on top of the mast
of a ship, S. See Figure 6.91. You will calculate how far
you can see when you are & meters above the surface of
the ocean.

(a) Find formulas for d, the distance you can see to the
horizon, H, and I, the distance to the horizon along
the earth’s surface, in terms of z, the height of the
ship’s mast, and r, the radius of the earth.

(b) How far is the horizon from the top of a 50-meter
mast? How far, measured along the earth’s surface,
is the horizon from the ship’s position on the ocean?
Use r = 6,370,000 meters.

frida
smplg
Figure 6.91 Lormuia

45, Let k be a positive constant and ¢ be an angle measured
in radians. Consider the equation

ksint = £°.

(a) Explain why any solution to the equation must be
between —v'k and vk, inclusive.

(b) Approximate every solution to the equation when
k=2 . ’

(¢) Explain why the equation has more solutions for
farger values of k than it does for small values.

(d) Approximate the least value of k, if any, for which
the equation has a negative solution.



Convert the polar coordinates in Exercises 14-17 to Cartesian C 7‘ 514( ’

coordinates. Give exact answers.
In Problerns 29-31, give inequalities for » and & which de-

14. (1,27/3) 15. ( V3, —-3n /4) scribe the following regions in polar coordinates.
29,
16. (2v/3, —=/6) 17. (2,57/6) y=z
Circular 777 7~
= T 0w
w(2,2)
T
30.
Convert the Cartesian coordinates in Problems 18-21 to polar
coordinates.
18. (1,1) 19. (-1,0)
20. (v6,-/2) 21. (-3,1)
31, y
1
Circular
For Problems 22~28, the origin is at the center of a clock, with | ae

the positive z-axis going through 3 and the positive y-axis go- |
ing through 12. The hour hand is 3 cm long and the minute Note: Region extends indefinitely
hand is 4 cm long. What are the Cartesian coordinates and po- | in the y-direction,

lar coordinates of the tips of the hour hand and minute hand, -

H and M, respectively, at the following times?

22. 12noon 23, 3pm 24, 9am 25, 1:30 pm
26. 7am 27. 3:30 pm 28. 9:15 am



Nome:

Group Members:

Exploration 2-1a: Transformed Periodic Functions

Dater e
Objective: Given a preimage graph and a transformed graph of a periodic function,
state the transformation(s).
Give the transformation applied to f(x) (dashed) to get the 4. Verbally:
solid graph, y = g(x). Equation: y = g(x) =
1. Verbally: y
Equation: y = g(x) = .
)I
2 8
N B S x
.. . x
) \\‘\\4 - ‘\‘\“1 . -
o A AN
. o \\' ,,,,,,,,,,
5. Verbally:
Equation: y = g(x) =
2, Verbally: y
Equation: y = g(x) = ]
y
7N s 2
'\_\ K \ -
A \' i WX
A\ e
w2\
FRPRLY X
6\‘ - - N - N
h yd . /,/" "“-\
\\\ . ~,\\. Ve . \\\
\ \ ‘
” o 6. Verbally:
Equation: y = g(x} =
3. Verbally: y
Equation: y = g(x) = ]
PN
y R N, 7 BN
L / \ K i
./ \ ‘i ‘ \\
/ \ / h
o 2 \
/ ] _/; - ‘ \\‘) x
- / \ 6. \\
AN AR ! \_\ . SN
- NS x . N
x\ \ /6 .. \ ‘\ » \"-».
N N4 \ ‘ / N

7. What did you learn as a result of doing this
Exploration that you did not know before?

42 / Exploration Masters

Precaleulus with Trigonometry: Instructor’s Resource Book, Volume 1

©2003 Key Curriculum Press



Name: Group Members:

Exploration 2-3b: uv-Graphs and Gy-Graphs

Date:
& 9
of Sinusoids
Objectives Show o geometric relationship between angles plotted as angles and angles
plotted along the G-axis.
v
y
1 L
. . . . . . . . . 8
90° 180° 270° 360°
-1k
1. The left figure shows a unit circle in a uv-diagram 6. Use your observation in Problem 2 to plot points on

with angles marked at every 30°. Read, to two
decimal places, the coordinates (u, v) of the point
where the ray at 60° cuts the unit circle.

2. Find cos 60° and sin 60° with your calculator. Explain

how these mumnbers relate to the answers to
Problem 1.

3. Plot the point (8, y) = (60°, sin60°) on the
Ay-coordinate systern on the right at the top of

this Exploration. Draw a line segment showing how

this point is related to the point you plotted in
Problem 1.

4. Without actually calculating any more values, plot

points on the graph of v = sin & {or each 30° from 0°
to 360° Show segments connecting the appropriate

poinis on the ww-diagram with points in the
Ay-diagram.

5. Connect the poiuts in Problem 4 with a smooth
curve, What geometrical figure is this curve?

8.

10.

the graph of y = cos @ for each 30° from 6 = 0° to
@ = 360°. Connect the points with a smooth curve.

. What transformation could you apply to the graph of

y = sin 6 to get the graph of y = cos §?

Explain the difference between the way the value of
@ appears on the uv-diagram and the way it appears
on the fy-diagram.

. Why do you think the letters u and v, rather than the

more common letters x and y, are used in the figure
on the left at the top of this Exploration?

What did you learn as a result of doing this
Fxploration that you did not know before?

Precalculus with Trigonomeiry: Instructor’s Resource Book, Volume 1
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MName: Group Members:

Exploration 2-3¢: Parent Sinusoids Date:

Obijective: Explore the graph of the parent function y = sin x, and transform the graph.

1. The graph shows the function y = sin x. Plot this 5. Write the eguation for this transformed graph.
graph as y, on your grapher. Use the window shown. Duplicate this graph on your grapher.,
Turn on the grid to get the dots. Does your graph
agree with this figure?

Equatiomn:

T

6. The dotted graph shows the result of three
transformations. State each transformation, write the
equation of the transformed graph, and duplicate the
graph on your graphey.

2. The amgiiitude of a periodic function is the vertical
distance from the central axis to a high or low point.
What is the amplitude of the sine function in
Problem 17 Write the eguation of the tansformed
function that would have an amplitude of 5. yoo

3. Plot the transformed graph as y, on your grapher.

. . . g
Does the resulting graph really have an amplitude *
ol 57
4. The solid graph shows a transformation of the
sine function from Problem 1. Identify the
transformation, and write the equation for the
transformed graph. Confirm that your answer is
correct by plotting your equation as y;. -
Verbally: 7. Degrees can be used to measure rotation. What do
i ] you think is the significance of the fact that the
Equation: period of the sine function in Problem 1 is 360°7?
y
sk
g 8. What did you learn as a result of doing this
’ Exploration that you did not know before?
46 / Exploration Masters Precalculus with Trigonometry: Instrucior’s Resource Book, Volume 1
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Narme:

Exploration 3-1b: Sine and Cosine Graphs, Manually

Group Members:

Detter
Objective: Find the shape of sine and cosine graphs by plotting them on graph paper.
1. On your grapher, make a table of values of y = sin 8 for each 10° from 0° 1o 90°. Set the
mode 1o round to 2 decimal places. Plot the values on this graph paper, Also plot y = sin 8
for each 90° through 720°. Connect the points with a smooth curve, observing the shape
you plotted for 0° to 90°.
y
1
G T T T i
-1
2. Plot the graph of y = cos 0 pointwise, the way you did for sine in Problem 1.
y
1
- T T Tt e
-1

3. Find sin 45° and cos 65°, Show that the
corresponding points are on the graphs in
Problems 1 and 2, respectively.

4. Find the inverse trigonometric functions
¢ =sin' 0.4 and f = cos™' 0.8 Show that the
corresponding points are on the graphs in
Problems 1 and 2, respectively.

5. What are the ranges of the sine and cosine

functions?

6. Name a real-world situation where variables are
related by a periodic graph like sine or cosine.

7. What did you learn as a result of doing this
Exploration that you did not know before?

Precalculus with Trigonometry: Insiructor’s Resource Book, Volume 1
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Name: Group Members:

Exploration 3-3a: Tangent and Secant Graphs

Date:r o

Objective: Discover what the tangent and secant function graphs look like and how they

relate to sine and cosine.
No graphers allowed for Problems 1-7.

1. The reciprocal property states thal

Without your grapher, use this property to sketch
the graph of y = sec 8 on the same axes as the graph
of the parent function y = cos 6. In particular, show
what happens to the sccant graph wherever

cos 8 = 0.

y

Z50° 90°  180° 270° 360°  450°  540°

2. Write the quotient property expressing tan 0 as a
guotientt of two other trigonometric functions.

3. The next figure shows the parent functions
v = sin @ and y = cos 0. Based on the answer to
Problem 2, determine where the asymptotes are for
the graph of y = tan 8, and mark them on the figure.

¥

[4

T 907 TT80° 2705 360° 450 54GE

4. Based on the quotient property, find out where the
O-intercepts are for the graph of y = tan 0. Mark
these intercepts on the figure in Problem 3.

5. At 8 =45°, sin 8 and cos 9 are equal. Based on this
fact, what does tan 45° equal? Mark this point on the
graph in Problem 3. Mark all other points where
{sin 8} = |cos 1.

6. Use the points and asympiotes you have marked to
sketch the graph of y = tan 6 on the figure in
Problem 3. (No graphers allowed!)

7. Check your graphs with your instructor. .
Graphers allowed for the remaining problems.

8. On your grapher, plot the graph of y = csc 8. Sketch
the result here.

9. On your grapher, plot the graph of y = cot 8. Sketch
the result here,

10. At what values of 8 are the points of inflection for
y = tan 87 Explain why the tangent function has no
critical points.

11. Explain why the graph of y = sec @ has no points of
inflection, even though the graph goes from concave
up o concave down at various places.

12, What did you learn as a result of doing this
Exploration that you did not know before?

&6 / Exploration Masters
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Name: Group Members:

Exploration 3-6b: Given y, Find x Algebraically Dater o ;

Objective: Given the particular equation for o sinusoid and o value of y, caleulate the
corresponding xvalues algebraically.

y
16¢

4. Circle the points on the given graph where the line
y =5 cuts the graph. For cach point, tell the value of
i at that point.

1. The sinusoid has equation
. 27
V=947 Cos 13 (x~4)
a2

Confirm that this equation gives the correct value of
ywhen x= 15.

5. Find the two values of xif n = 100.

2. Your ohjective is to {ind algebraically the values
of x given y = 5. Substitute 5 for . Then do the
algebra necessary to get x using an arccosine.
Write the general solution in the form

x = {mamber) + {period)n or (number) + (peviod) n

6. Find the fivst value of x greater than 1000 for which
v = 5. What does n equal there?

3. Write the two values of x from the general solution
in the n = 0 row of this table. By adding and
subtracting multiples of the period, fill in the other
rows in the table with more possible values of x.

7. What did you learn as a result of doing this
Exploration that you did not know before?

15 Xy Xy

-1
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Name: Group Members:

Exploration 4-6b: Principal Branches of Inverse Date:

Trigonometric Relations

Objective: Figure out the principal branches of each of the six inverse circular functions.

1. On your grapher, plot the inverse circular function
y=sin” x Use equal scales on the two axes. On the
graph of y = arcsin x shown herve, darken the
principal branch of the inverse sine relation on the
part of the graph that is the inverse sine function.
Giive the range of the principal branch.

Range:

2. Use the technique in Problem 1 to find the range of
v = cos”' x. Darken the principal branch on the graph
of y = arccos ¥, shown next.

Range:

V4

3. Why can’t the range of the inverse cosine funciion
(v = cos™! x) be the same as the range of the inverse
sine function (v = sin™' 7

4. Use the technique in Probiems 1 and 2 1o find the
range of y = tan”' x. Darken the principal branch on
this graph of y = arctan x.

Range:

5. The range of y = sin™! x is the closed interval |~ %, .
24 -

Explain why the range of y = tan™" x cannot include
the endpoints.

6. If the range of the inverse tangent function
(¥ = tan" ) were [0, 1] (exclading T), like the range
of y=cos™! x, then y = tan™! x would still be a
function. What disadvantage would there be to
defining the range of y = tan™ x this way?

(Over)

Precalculus with Trigonometry: Instructor’s Resource Book, Volume 1
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Name: Group Members:

Exploration 4-6b: Principal Branches of Inverse

Trigonometric Relations continved

Date: ____

7. Duplicate the previous graph of y = arctan x on your
grapher. Give the parametric equations you used,
Chieck your graph with your instructors e

8. The graph here shows y = arccot x. How can you
define the range of the function y = cot™' xin such a
way thal the function is continuous? Darken this
principal branch of y = arccot x.

Range:

10. Look in the text to find out if the principal branch
you chose in Problem 9 is the commonly accepted

one,

11. This next graph shows y
think the principal branc
function you shaded.

Range:

= arccsc x Shade what you
h is. Write the range of the

9. This next graph shows

resec X, There is no way

to restrict the range to make a continuous function

y = 88
what you think would be

¢ x and still use all of the domain. Darken

the best choice for the

principal branch. Write the range.

Range:

12. Does your answer to Problem 11 agree with the range
listed in the text?

13. Look up in the text the five criteria for picking the
ranges of the principal branches of the six inverse
circular functions. Write the criteria here,

14. What did you learn as a result of doing this
Exploration that you did not know hefore?

78 / Exploration Masters
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Name:

Sketching Angles, Circles and Arcs

1. Sketch the rays of the angle 30° in the 4. Sketch a circle of radius 8 units in the
standard position of a coordinate system. coordinate system, centered at (0, 0).
y
§.
< > X
e =3 g 16...
!
* 5
% o
: v
Circumference = Area =

2. Sketch the angle 135° (as in question 1).

107 ) i 5. Sketch the sector with radius 6 units,
3. Sketch the angle 6 (as in question 1). centered at (0, 0) with central angle 60°.
Y
5.
R
: gh =5 g pid
; -
; v
1
) Arc Length = Area =
Extra sketching space above Total Perimeter=

Values of (x, y) at top corner=

Nip



ANGLE DEEN Tons

A
Q
)
%
%
&\ ]
/0(3 \L
Initial side
Figure 4.1 » Figure 4.2

An angle is determined by rotating a ray (half-line) about its endpoint. The
starting position of the ray is the initial side of the angle, and the position after
rotation is the terminal side, as shown in Figure 4.1. The endpoint of the ray is
the vertex of the angle. This perception of an angle fits a coordinate system in .
which the origin is the vertex and the initial side coincides with the positive
x-axis. Such an angle is in standard position, as shown in Figure 4.2. Positive
angles are generated by counterclockwise rotation, and negative angles by |
clockwise rotation, as shown in Figure 4.3. Angles are labeled with Greek letters |
such as « (alpha), 8 (beta), and 6 (theta), as well as uppercase letters such as A,
B, and C. In Figure 4.4, note that angles @ and B have the same initial and ter-
minal sides. Such angles are coterminal.

¥

et
-

Positive angle
(counterclockwise)
ik

n . o
/ Negative angle Y . A

{ : : : x
(clockwise) ) N 23
/}' "B

Figure 4.3 Figure 4.4 —

Reference Angles

The values of the trigonometric functions of angles greater than 90° (or less than ‘
0°) can be determined from their values at corresponding acute angles called ref- \
erence angles. i

Definition of Reference Angle g )

Let 6 be an angle in standard position. Its reference angle is the acute angle
0’ formed by the terminal side of 8 and the horizontal axis. |

[

Figure 4.35 shows the reference angles for 6 in Quadrants II, 111, and IV.
Quadrant 11
Reference
N zla{r? f;:;en@c,e o8 6 - ™. angle: 6’
- t
Reference Quadrant 3 NG Quﬁ%ran
angle: 8’ 111

0’ = - 6 (radians)
8" = 180° — 9 (degrees)

Figure 4.35

6’ = 6~ (radians)
0’ = 6~ 180° (degrees)

6 =2r ~ 6 (radians) -
0" = 360° - 6 (degrees)

N 20
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Worksheet 6.3: The Unit Circle

Figure 11

o | o[ s 15[ 515 [5[%[% [~
0 0° 30° 45° 60° 90° 120° 135° 150° 180°
cos 6

sin ¢

) 210° 225° 240° 270° 300° 315° 330° 360°
cos

sin 6
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LIBRARY OF FUNCTIONS SUMMARY

Linear Function
fx)=mx + b

©, b)
P Py
\(%,0) b 0)/
Sx)=mx+ b, || f)=mx+b,
m>0 m=<0

Domain: {— oo, c0)
Range: (— o0, c0)
x-intercept: (—b/m, 0)
y-intercept: (0, b)
Increasing when m > 0
Decreasing when m < 0

Greatest Integer Function

fG) =[]

—— e e
-3 =2 -1 1 2 3
e
~——0 4
—o 31

Domain: (— co, o0)

Range: the set of integers

x-intercepts: in the interval [0, 1)

y-intercept: (0, 0)

Constant between each pair of
consecutive integers

Jumps vertically one unit at
each integer value

Absolute Value Function

£ = x| = {x, x20

-x, x<0

Domain: (— oo, o)
Range: [0, o)
Intercept: (0, 0)
Decreasing on (—co, 0)
Increasing on (0, co)
Even function

y-axis symmetry

Quadratic (Squaring) Function

fGx) = ax?

Domain: (— o0, o0)
Range (a > 0): {0, o0)
Range (a < 0):(—o0, 0]
Intercept: (0, 0)
Decreasing on {— o0, 0) fora > 0
Increasing on (0, oo) fora > 0
Increasing on (—oo, 0) fora < 0
Decreasing on (0, oo) fora < 0
Even function
y-axis symmetry
Relative minimum (a > 0),
relative maximum (a < 0),
or vertex: (0, 0)

Square Root Function

F) = Vx

-1 (0,0l) 2' § i

-1

Domain: [0, oo)
Range: [0, co)
Intercept: (0, 0)
Increasing on (0, co)

Cubic Function

fx) = 23

y

51

N
0ol S
REr S NI IR A

=2

ol

ol

Domain: {— oo, co)
Range: (— o0, o0)
Intercept: (0, 0)
Increasing on (— oo, co)
Odd function

Origin symmetry

No.



Rational (Reciprocal) Function

fl) =1

X

fx)= —1);

Domain: (— o0, 0) U (0, c0)
Range: (— oo, 0) U (0, co)

No intercepts

Decreasing on (—co, 0) and(0, o0)

Qdd function

Origin symmetry
Vertical asymptote: y-axis

Horizontal asymptote: x-axis

Sine Function
f(x) = sinx
y
3l
a1 (fx)=sinx
1+
AN ./

Domain: {— o0, o0)

Range: [— 1,
Period: 27

1]

x-intercepts: (nm, 0)
y-intercept: (0, 0)

Odd function

Origin symmetry

Exponential Function

y

f)=a"a>0a#1

Domain: (— oo, c0)

Range: (0, co)
Intercept: (0, 1)

Increasing on (— oo, o0)

for f(x) = a*

Decreasing on (oo, o0)

for f(x) = g™
x-axis is a horizontal asymptote

Continuous

Cosine Function

flx) = cos x

Domain: (— o0, o0)

Range: [—1, 1]
Period: 27

. T
x-intercepts: (— + nir, 0)

2
y-intercept: (0, 1)

Even function

y-axis symmetry

Logarithmic Function

fx) = log,x, a >0, a # 1

y
(1’0)/

1 2

-1

Domain: (0, oo)

Range: (— o0, oo)

Intercept: (1, 0)

Increasing on (0, co)

y-axis is a vertical asymptote

Continuous

Reflection of graph of f(x) = @
intheliney = x

Tangent Function
flx) = tan x

Domain: all x # g + nar

Range: (— oo, o0)
Period: 7
x-intercepts: (n, 0)
y-intercept: (0, 0)
Vertical asymptotes:
X = —g + nw
Odd function
Origin symmetry

Niee.



Cosecant Function
fx) = cscx

1
y [fX)=cscx = pr—

[ o

Domain: all x # nn

Range: (—oo, —1JU[1, o0)
Period: 27

No intercepts

Vertical asymptotes: x = nar
Odd function

Origin symmetry

Inverse Sine Function
f(x) = arcsin x

y

(SR
;
t

1 + x
)

1z
2

Domain: [—1, 1]

T
Range: [ X ZJ
Intercept: (0, 0)
Odd function
Origin symmetry

Secant Function
flx) = secx

y f(x):secx:——1-

COs X
Ny
2...».

i ottt
-n _ x % 3 2
2 7T 2 2
-2 4
-3

Domain: all x # g + nm

Range: (—o0, —1]U[1, c0)
Period: 24

y-intercept: {0, 1)

Vertical asymptotes:

T
x ==+ pnmr
2

Even function
y-axis symmetry

Inverse Cosine Function
f(x) = arccos x

y

F

f
-1

Domain: [—1, 1]
Range: [0, 7]

y-intercept: (O, g)

Cotangent Function

F(x) = cotx

1 R
y f(x)—cotx——t‘;l—g;

Domain: all x # a7
Range: {— o0, o0)
Period: o

. T
x-intercepts: (-2~ + n, 0)

Vertical asymptotes: x = n1r
Odd function
Origin symmetry

Inverse Tangent Function
flx) = arctan x ‘

y
L
2
t f } b x |
-2 -1 12
Slx) =arctan x
R
2

Domain: (—ce, co)
T

Range: ( X 2)

Intercept: (0, 0)

Horizontal asymptotes:

r

2

Odd function

Origin symmetry

y==

N0,



TRIGONOMETRY

Definition of the Six Trigonometric Functions
Right triangle definitions, where 0 < 6 < /2.

smf)==o—pE csc@==hyp
hyp opp
- adj - hyp
: cos f = Typ sec 6 adi
Adjacent ;
0= oo g 2
d opp
Circular function definitions, where 8 is any angle.
y .
r=vx24y2 sin @ == c¢sc =
* )
cos 8 =

1 r

i 6

LN L
\J tan 6

Reciprocal ldentities

it

HI NIR N e
w
o
o
<
fi

o

Q

Ll

>

it
AR R TEE

sinx = — X = e X =

cotx

CSCx = —— I = e

cotx
ecx tanx

Tangent and Cotangent Identities

o8 X
sin x

sinx
tanx = -—— cotx =
cos x

Pythagorean ldentities
sin?x + cos?x = 1

1+ tan?x = sec?x 1+ cot?x = csc?x

Cofunction Identities

L T .

sm(; - x) = CO8 X cos(*z— - x) = sinx
' T

csc(—z- - x) = SecXx t::m(—2~ - x) = cotx
T m

sec(-2~ - x) = CSCx cot(tz— - x> = fan x

Reduction Formulas

sin(~x) = —sinx cos(~x) = cos x
cse(~x) = —cscx  tan(—x) = —tanx
sec{—x) = secx cot(—x) = —cotx

Sum and Difference Formulas
sin{u + v) = sinucosv + cosusinv
cos(u + v) = cosucosv ¥ sinusin v
tanu + tanv

tan(u & v) = 1 X tanutanv

Double-Angle Formulas

sin 2u = 2 sin u cos u

cos 2u = cos® u ~ sin®u = 2cos?u — 1 = 1 — 2sinu
2tanu

tan 2u = ———————
1 - tan%u

Power-Reducing Formulas

1~ cos2u
2

1+ cos2u
2

1 — cos2u

1+ cos2u

sin?u =
cos? y =
tan? y =
Sum-to-Product Formulas
. . . + u-—
Sinu + siny =2 sm(u V) cos( v)
2 2
sinu — sinv = ZCOS<u * v) sin(u _ v)
2 2
+ p—
cosu + cosy = 2 cos(u v) cos(u v)

2 2

OSU ~ COSV = ~2sin<u + v) sin(u — v)‘
¢ 2 2

Product-to-Sum Formulas v

sinu sin v = %[cos(u ~ v) — cos(u + v)]
COS U COS V = %[cos(u -~ v} + cos(u + v)]
sinucosv = -;:[sin(u + v) + sin(u ~ v)]

cosusiny = %[sin(u + v) — sin(u — v)]
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